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1 Introduction

Non-commutative (NC) geometry [1, 2] was proposed long time ago as a simple modification

of our notion of space-time at short distances possibly due to effects of quantum gravity [3].

It has attracted much attention since field theories on a NC geometry were shown to ap-

pear naturally from matrix models [4, 5] and from string theories [6]. In fact it turned out

that the NC geometry affects not only the short-distance physics but also the long-distance

physics through loop effects. This UV/IR mixing phenomenon [7] makes such field theories

more interesting due to rich physics, but it also poses both technical and conceptual prob-

lems in various applications. In particular, the appearance of a new type of IR divergence

spoils the perturbative renormalizability in most cases [8]. Therefore, nonperturbative

studies of NC field theories based on a suitable regularization are highly motivated.

Not surprisingly, considering the links to string theory, a natural regularization of NC

field theories is possible by representing fields by finite matrices. In the case of a NC torus,

for instance, the so-called twisted Eguchi-Kawai model [9, 10] is reinterpreted as a lattice

formulation of NC field theories [11], in which a finite N matrix is mapped one-to-one onto

a field on a discretized torus. Monte Carlo simulations based on this formulation have been

performed intensively. For instance, in ref. [12] the existence of a sensible continuum limit
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(and hence the nonperturbative renormalizability) of a NC field theory was shown for the

first time in the case of U(1) gauge theory on a 2d NC torus. Spontaneous breaking of

the translational symmetry [13–15], which occurs as a result of the UV/IR mixing effects,

has been studied nonperturbatively in NC scalar field theories [16, 17] and in NC U(1)

gauge theory in 4d [18]. This phenomenon may be viewed as the collapsing of the NC

manifolds [19, 20].

Another interesting feature of NC field theories is the appearance of a new type of

topological objects [21]. We consider it important to study dynamical properties of these

objects, since they may play an important role in physical problems such as the strong

CP problem and the baryon number non-conservation in the electroweak theory, which are

expected to be related to topological aspects of field theories. They may also be relevant to

string theory, in which chiral fermions on our space-time are considered to be realized by

compactification with a nontrivial index in the extra dimensions. In order to address such

dynamical issues, we need to perform nonperturbative studies based on a regularized for-

mulation. It turned out, however, that finite-matrix description of topologically nontrivial

configurations is not that straightforward. For instance, refs. [22, 23] use mathematical

devices such as the projective modules and the algebraic K-theory.

The difficulty is related to the fact that topologically nontrivial configurations in the

commutative space typically allow two descriptions; one in terms of single-valued functions

with singularities, and the other in terms of multi-valued functions without singularities.

These two descriptions are related to each other through a singular gauge transformation.

In the case of NC geometry the first description is somehow prohibited due to smearing

effects. This is demonstrated on a NC torus with periodic boundary conditions [24–26],

where topologically nontrivial configurations are shown to be suppressed in the continuum

limit.1 The situation is in sharp contrast to that in the commutative space as seen in lattice

simulations [28]. Thus we are led to consider the second description.

As in the commutative case, one can think of twisting boundary conditions [29], which

corresponds to introducing a background magnetic flux. However, the finite-matrix for-

mulation of gauge theories on a NC torus proposed in ref. [11] essentially deals with the

case of periodic boundary conditions. In this paper we reconsider the formulation from

a purely algebraic point of view,2 and generalize it in such a way that it allows for ex-

plicit description of twisted boundary conditions in terms of finite matrices. Our new

formulation realizes the Morita equivalence at a fully regularized level. Matter fields in the

fundamental representation can be naturally described by finite rectangular matrices in the

presence of the magnetic flux. This is analogous to the situation in the fuzzy sphere case

with the monopole background, where rectangular matrices appear as the matrix version of

the monopole harmonics [23, 31, 32]. The corresponding Ginsparg-Wilson Dirac operator

enables us to define an index, which can be used to classify regularized gauge field con-

figurations into topological sectors. We present Monte Carlo results for the index, which

demonstrate that topologically nontrivial configurations indeed survive the continuum limit

1Similar results were obtained in the fuzzy sphere case [27].
2See ref. [30] for a reformulation with different motivations.
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in a 2d gauge theory with twisted boundary conditions.

In fact there is yet another possibility for realizing topologically nontrivial configura-

tions, in which they are described by both single-valued and regular functions. The idea is

to consider the Higgs phase of gauge theories, where the winding number of the Higgs field

substitutes the role of the twisted boundary conditions. While we do not discuss this pos-

sibility in this paper, let us comment on some recent developments in this direction. In the

case of fuzzy sphere, the corresponding finite-matrix formulation was constructed, and the

index of the Ginsparg-Wilson Dirac operator involving the Higgs field, which reproduces

the Higgs winding number, was formulated for general background configurations [27, 31].

An explicit NC configuration corresponding to the ’t Hooft-Polyakov monopole3 was con-

structed [23, 34], and the spectrum of matter fluctuations around this background was

obtained [23, 31]. The matrix version of monopole harmonics, which appears here, plays

an important role also in a nonperturbative formulation of super Yang-Mills theory on

R × S3, where S3 is regarded as an S1 bundle over S2 [35]. We expect that the ideas to

use regular configurations for describing nontrivial topological sectors in NC geometry by

considering the winding Higgs field or the twisted boundary conditions, provide physical

understanding to the previous mathematical formulations [22, 23] mentioned above.

The rest of this paper is organized as follows. In section 2 we briefly review the gauge

theories on a NC torus with twisted boundary conditions. A more detailed review is pro-

vided in appendix A. In section 3 we rewrite the boundary conditions in a covariant form.

In section 4 we characterize the configuration space of a regularized field as a representa-

tion space of the algebra of the coordinate and shift operators. In section 5 we explicitly

construct the representation space of the algebra to arrive at a finite-matrix formulation

for twisted boundary conditions. In section 6 we describe the actions for the gauge field

and for fundamental matters. In section 7 we present Monte Carlo results for the index of

the Ginsparg-Wilson Dirac operator. Section 8 is devoted to a summary and discussions.

2 Brief review of gauge theories on a NC torus

In this section we briefly review gauge theories on a continuous NC torus with twisted

boundary conditions, which form the basis of our finite-matrix formulation. The readers

who are not familiar with the subject are recommended to read appendix A, where we pro-

vide a more detailed and self-contained review. There one can also find some derivations

omitted in this section, descriptions in terms of fields instead of operators, and an explicit

form of the actions.

In NC geometry the coordinate operators x̂µ and the derivative operators ∂̂µ satisfy

the algebra

[x̂µ , x̂ν ] = i θµν ,
[

∂̂µ , x̂ν

]

= δµν , (2.1)

where θµν represents the non-commutativity of the space-time. Let us consider a D-

dimensional torus with the period L. When we impose periodic boundary conditions,

3Dynamical properties of these configurations were studied [19] and their instability was interpreted as

a dynamical generation of nontrivial topological sectors, which may be used for realizing chiral fermions on

our space-time [33].
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we consider the operators Ẑµ = e2πix̂µ/L instead of x̂µ, and the algebra (2.1) becomes

ẐµẐν = e−2πiΘµν ẐνẐµ , (2.2)
[

∂̂µ, Ẑν

]

= 2πi
1

L
δµν Ẑν , (2.3)

where Θµν = 2π
L2 θµν . For the purpose that will be clear later, we impose the commutation

relation
[

∂̂µ , ∂̂ν

]

= −i cµν (2.4)

on the derivative operator ∂̂µ. Here the real anti-symmetric tensor cµν is left arbitrary at

this point, since the derivative operator ∂̂µ acts on fields (or functions of the coordinate

operators) as adjoint, and the parameter cµν does not affect the commutativity of an action

of ∂̂µ on to the field Φ since [∂̂µ, [∂̂ν ,Φ]] = [∂̂ν , [∂̂µ,Φ]] due to the Jacobi identity.

When we impose twisted boundary conditions on a U(p) gauge field, it is convenient

to think of a constant-curvature U(1) background field Â
(0)
µ , which obeys the boundary

conditions. Defining the covariant derivative for the background as

D̂(0)
µ = ∂̂µ − iÂ(0)

µ , (2.5)

the background flux is given by

fµν = i
[

D̂(0)
µ , D̂(0)

ν

]

− i
[

∂̂µ , ∂̂ν

]

. (2.6)

We decompose the gauge field into the background and the fluctuation as

Âµ = Â(0)
µ + Âµ , (2.7)

so that the boundary conditions for Âµ take the homogeneous form

e L∂̂ν Âµ e−L∂̂ν = Ω̂ν Âµ Ω̂†
ν . (2.8)

The transition functions Ω̂µ are chosen as

Ω̂µ = e iαµν x̂ν ⊗ Γ(p)
µ , (2.9)

where αµν are constant real values and Γ
(p)
µ are constant SU(p) matrices. The fact that

the background field Â
(0)
µ obeys the boundary conditions fixes αµν . The so-called co-cycle

condition (A.7), which represents the consistency of the boundary conditions, requires Γ
(p)
µ

to satisfy the ’t Hooft-Weyl algebra. In the 2d case, for instance, it is given as

Γ(p)
µ Γ(p)

ν = e
−2πiεµν

q
p Γ(p)

ν Γ(p)
µ , (2.10)

where εµν is an anti-symmetric tensor with ε12 = 1. Then the co-cycle condition (A.7)

further requires the background abelian flux f12 to be given by4

f12 ≡ F =
2πq

L2(p−Θq)
, (2.11)

4Although the integer q is originally defined by (2.10) modulo p, we actually redefine it through (2.11)

or (2.12) so that the theory with q and that with q + p are considered to be inequivalent.
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where Θµν = Θεµν . Solving this for the integer q, we obtain

q =
1

2π

FL2

1 + θF
p , (2.12)

where θµν = θεµν .

The surprising fact about NC geometry is that the above gauge theory can be mapped

to a gauge theory on a dual NC torus with periodic boundary conditions. This can be

demonstrated by showing that the general solution to (2.8) is given, for instance, in 2d by

(See section A.3.)

Âµ =
∑

~m∈Z2

2
∏

ν=1

(

Ẑ ′
ν

)mν ∏

λ<ρ

e−πimλ Θ′

λρ
mρ ·

(

1⊗ aµ(~m)
)

, (2.13)

where aµ(~m) are p0 × p0 matrices with p0 being the greatest common divisor of p and q.

Let us introduce integers p̃ and q̃ by

p = p0 p̃ , q = p0 q̃ . (2.14)

Since p̃ and q̃ are co-prime, the integers a and b in the Diophantine equation

ap̃ + bq̃ = 1 (2.15)

are uniquely determined up to the shift (a, b) ∼ (a, b)+(q̃,−p̃). The operators Ẑ ′
µ in (2.13)

are written in the form

Ẑ ′
µ = e 2πiβνµx̂ν ⊗

2
∏

ν=1

(Γ(p)
ν )bενµ , (2.16)

where βνµ is given by (A.25), and b is the integer appearing in (2.15). One can also show

that the operators Ẑ ′
µ and D̂

(0)
µ satisfy the commutation relations

Ẑ ′
µ Ẑ ′

ν = e−2πi Θ′εµν Ẑ ′
ν Ẑ ′

µ , (2.17)
[

D̂(0)
µ , Ẑ ′

ν

]

= 2πiL′−1δµν Ẑ ′
ν , (2.18)

[

D̂(0)
µ , D̂(0)

ν

]

= −i(cµν + fµν) , (2.19)

where the parameters Θ′ and L′ are given by

Θ′ =
aΘ + b

p̃− q̃Θ
, (2.20)

L′ = L (p̃−Θq̃) . (2.21)

The algebra (2.17)–(2.19) have the same form as (2.2)–(2.4) for the periodic boundary

conditions. This implies that the U(p) gauge theory with twisted boundary conditions on

a NC torus characterized by Θ and L can be mapped to a dual U(p0) gauge theory with

periodic boundary conditions on a NC torus characterized by Θ′ and L′. The covariant

derivative operator D̂
(0)
µ on the original torus plays the role of the derivative operator ∂̂′

µ on

the dual torus. This equivalence of the two NC theories is known as the Morita equivalence.

– 5 –
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When the theory includes only fields in the adjoint representation, which obey the

boundary conditions

e L∂̂ν Φ̂ e−L∂̂ν = Ω̂ν Φ̂ Ω̂†
ν , (2.22)

one can map them to fields in the dual theory with periodic boundary conditions as we did

above for the gauge field. Using a map from finite matrices to fields on a discretized NC

torus with periodic boundary conditions, one can indirectly regularize the original theory

with twisted boundary conditions [11]. However, the Morita equivalence does not hold in

general for theories including matter fields in the fundamental representation,5 which obey

the boundary conditions

e L∂̂ν Φ̂ e−L∂̂ν = Ω̂ν Φ̂ . (2.23)

These conditions can be solved explicitly [36], but the obtained solution does not suggest

any obvious way to regularize the theory unlike the situation with the adjoint matters.

Our idea is therefore to construct the configuration space of a regularized field in a purely

algebraic way.

3 Rewriting boundary conditions in a covariant form

The gauge invariance of NC gauge theories is represented by SU(N) symmetry in the

finite-N matrix formulation. Therefore our important first step is to rewrite the boundary

conditions (2.22) and (2.23) in a gauge-covariant form.

In this section, by gauge covariance we mean the covariance under the transformation

of the gauge field (2.7)

Âµ → ĝ Âµ ĝ† + i ĝ [∂̂µ, ĝ†] , (3.1)

together with the same one for the background field

Â(0)
µ → ĝ Â(0)

µ ĝ† + i ĝ [∂̂µ, ĝ†] , (3.2)

so that the covariant derivative operator D̂
(0)
µ given by (2.5) and the fluctuation part Âµ

transform covariantly as

D̂(0)
µ → ĝ D̂(0)

µ ĝ† ,

Âµ → ĝ Âµ ĝ† . (3.3)

This motivates us to rewrite the twisted boundary conditions (2.8) as

eLD̂
(0)
ν Âµ e−LD̂

(0)
ν = Ξ̂ν Âµ Ξ̂†

ν , (3.4)

where we have defined the operator

Ξ̂µ = eLD̂
(0)
µ e−L∂̂µΩ̂µ , (3.5)

5The particular Morita equivalence involving fundamental matters discussed in the second and third

papers of ref. [11] is of no use for the present purpose, since it maps NC gauge theory with periodic

boundary conditions to a commutative gauge theory with twisted boundary conditions.
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which transforms covariantly as

Ξ̂µ → ĝ Ξ̂µ ĝ† . (3.6)

The key observation for our formulation is that actually Ξ̂µ can be written in terms of

the coordinate operators Ẑ ′
µ of the dual torus that appear in (2.13). In 2d, for instance, Ξ̂µ

and Ẑ ′
µ are given explicitly as (A.19) and (A.26). Using (2.12) and (2.15), one can easily

show that

Ξ̂1 = (Ẑ ′
2)

q̃ , Ξ̂2 = (Ẑ ′
1)

−q̃ . (3.7)

Although the above relation was obtained in the specific gauge (A.15), it should hold gauge

independently since both Ξ̂µ and Ẑ ′
µ transform covariantly.

To appreciate the meaning of (3.7), it is instructive to check that the twisted boundary

conditions (3.4) are indeed satisfied for the solution (2.13). For that, it suffices to show that

eLD̂
(0)
ν Ẑ ′

µ e−LD̂
(0)
ν = Ξ̂ν Ẑ ′

µ Ξ̂†
ν . (3.8)

Using (2.17), (2.18) and (3.7), each side of eq. (3.8) is given by

eLD̂
(0)
µ Ẑ ′

ν e−LD̂
(0)
µ = e2πi L

L′
δµν Ẑ ′

ν , (3.9)

Ξ̂µ Ẑ ′
ν Ξ̂†

µ = e2πiΘ′ q̃δµν Ẑ ′
ν . (3.10)

From (2.20) and (2.21), we obtain

Θ′q̃ =
(aΘ + b)q̃

p̃− q̃Θ
=

1− a(p̃−Θq̃)

p̃− q̃Θ
=

1

p̃− q̃Θ
− a =

L

L′
− a , (3.11)

where we have used (2.15). Hence the claim (3.8).

The twisted boundary conditions (2.22) for the adjoint matter Φ, which transforms as

Φ̂→ ĝ Φ̂ ĝ† , (3.12)

can be rewritten in a covariant form as

eLD̂
(0)
µ Φ e−LD̂

(0)
µ = Ξ̂µ Φ Ξ̂†

µ . (3.13)

Similarly the twisted boundary conditions (2.23) for the fundamental matter Φ, which

transforms as

Φ̂→ ĝ Φ̂ , (3.14)

can be rewritten in a covariant form as

eLD̂
(0)
µ Φ e−L∂̂µ = Ξ̂µΦ . (3.15)

4 Algebraic characterization of the configuration space

In this section we characterize the configuration space of a regularized field in an algebraic

way. Here the covariant form of the twisted boundary conditions obtained in the previous

section plays a crucial role.

– 7 –
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Let us first consider a gauge-singlet field Φ, for which the twisted boundary conditions

reduce to the periodic ones

eL∂̂µΦe−L∂̂µ = Φ . (4.1)

Instead of considering the derivative operator ∂̂µ, we consider only a shift operator

Γ̂µ = eǫ∂̂µ , (4.2)

where ǫ serves as the lattice spacing. The algebra (2.3) and (2.4) are replaced by

Γ̂µẐνΓ̂
†
µ = e

2πi
N

δµν Ẑν , (4.3)

Γ̂µΓ̂ν = e−iǫ2cµν Γ̂νΓ̂µ , (4.4)

where the size of the torus is given by

L = ǫN . (4.5)

The boundary conditions (4.1) can be written as

(Γ̂µ)N Φ (Γ̂†
µ)N = Φ . (4.6)

The crucial observation here is the following. Suppose Φ satisfies the boundary condi-

tions (4.6). Then so do ẐµΦ and ΦẐµ, as one can show easily by using the algebra (4.3).

Similarly, one finds from (4.4) that Γ̂µΦ and ΦΓ̂µ obey the same boundary conditions if

and only if

cµν =
2π

Nǫ2
× integer , (4.7)

which we shall assume in what follows. Thus the configuration space can be defined as a

representation space of the operators Ẑµ and Γ̂µ, on which

(Γ̂µ)N = 1 (4.8)

is satisfied.

Let us move on to the case of adjoint matters, which obey the twisted boundary

conditions (3.13). The coordinate and derivative operators Ẑ ′
µ and D̂

(0)
µ on the dual torus

satisfy the algebra (2.17), (2.18) and (2.19). The regularized version of the algebra can

be constructed as follows. Instead of the covariant derivative D̂
(0)
µ , we consider only the

covariant shift operator

Γ̂′
µ = eǫD̂

(0)
µ . (4.9)

The algebra (2.18) and (2.19) should be replaced by

Γ̂′
µẐ ′

νΓ̂
′†
µ = e

2πi
n

δµν Ẑ ′
ν , (4.10)

Γ̂′
µΓ̂′

ν = e−iǫ2(cµν+fµν)Γ̂′
νΓ̂

′
µ , (4.11)

where the size of the dual torus is given by

L′ = ǫ n . (4.12)

– 8 –
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The twisted boundary conditions (3.13) can be written as

(Γ̂′
µ)N Φ (Γ̂′†

µ )N = Ξ̂µ Φ Ξ̂†
µ . (4.13)

From (3.8) one finds that

(Γ̂′
µ)N Ẑ ′

ν (Γ̂′†
µ )N = Ξ̂µ Ẑ ′

ν Ξ̂†
µ . (4.14)

Suppose Φ satisfies the boundary conditions (4.13). Then so do Ẑ ′
µΦ and ΦẐ ′

µ, due to (4.14).

Similarly Γ̂′
µΦ and ΦΓ̂′

µ obey the same boundary conditions if and only if (4.7) is satisfied.

This can be shown, for instance, in 2d by using

(Γ̂′
µ)N Γ̂′

ν(Γ̂
′†
µ )N = e−2πi q̃

n
εµν−iNǫ2cµν Γ̂′

ν , (4.15)

Ξ̂µ Γ̂′
ν Ξ̂†

µ = e−2πi q̃
n

εµν Γ̂′
ν , (4.16)

which are obtained from (4.10), (4.11) and (3.7). Therefore, the configuration space can

be viewed as a representation space of the operators Ẑ ′
µ and Γ̂′

µ, on which

(Γ̂′
µ)N = Ξ̂µ (4.17)

is satisfied, where Ξ̂µ is written in terms of Ẑ ′
µ as in (3.7).

The twisted boundary conditions on a field Φ in the fundamental representation are

written as (3.15). The regularized version is given by

(Γ̂′
µ)N Φ (Γ̂†

µ)N = Ξ̂µ Φ . (4.18)

Suppose Φ satisfies the boundary conditions (4.18). Then Ẑ ′
µΦ and ΦẐµ do so, as one can

show easily by using the algebra (4.3) and (4.14). Similarly Γ̂′
µΦ and ΦΓ̂µ obey the same

boundary conditions if and only if (4.7) is satisfied. Therefore the space of regularized

configurations can be defined as a representation space of the operators Ẑ ′
µ and Γ̂′

µ acting

from the left, and the operators Ẑµ and Γ̂µ acting from the right. On the representation

space, (4.8) and (4.17) should be also satisfied.

5 Finite-matrix formulation for twisted boundary conditions

In this section we construct the configuration space of NC fields explicitly as a represen-

tation space of the algebra of coordinate and shift operators with the desired properties

discussed in the previous section. Thus we arrive at a finite-matrix formulation, which

enables us to describe twisted boundary conditions in terms of finite matrices. Here we

consider the 2d case, but generalization to any even dimensions is straightforward.

First let us consider the gauge-singlet field obeying periodic boundary conditions. Since

the 2d torus is now discretized into a N×N lattice, it is natural to represent a gauge-singlet

field by a N ×N matrix from the counting of degrees of freedom. Then the operators Ẑµ,

Γ̂µ, which act on it and obey the algebra (2.2), (4.3) and (4.4), can be represented in terms

of N ×N matrices as

Ẑµ = Z(N)
µ , (5.1)

Γ̂µ = Γ(N)
µ , (5.2)
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where Z
(N)
µ and Γ

(N)
µ are SU(N) matrices satisfying the algebra

Z
(N)
1 Z

(N)
2 = e−2πi 2r

N Z
(N)
2 Z

(N)
1 . (5.3)

Γ(N)
µ Z(N)

ν Γ(N)†
µ = e

2πi
N

δµν Z(N)
ν , (5.4)

Γ
(N)
1 Γ

(N)
2 = e2πi s

N Γ
(N)
2 Γ

(N)
1 . (5.5)

The integers6 2r and s are both taken to be co-prime to N , which ensures the uniqueness of

the representation up to the symmetry of the algebra [37]. An explicit representation can

be given in terms of shift and clock matrices VN and WN defined by (A.21). For instance,

Z
(N)
1 = WN , Z

(N)
2 = (VN )2r ,

Γ
(N)
1 = VN , Γ

(N)
2 = (WN )s (5.6)

satisfy all the equations except the µ = ν = 2 case of (5.4), which requires additionally the

Diophantine equation

2rs− kN = −1 (5.7)

to be satisfied for some integer k. Since 2r and N are co-prime, (5.7) fixes the integer

s modulo N . By comparing (5.3) with (2.2), we can identify the NC parameter of the

original torus as

Θ =
2r

N
, (5.8)

whereas the size of the torus is given by (4.5). By comparing (5.5) with (4.4), we obtain

c12 = − 2π

Nǫ2
s . (5.9)

Therefore, the condition (4.7) is indeed satisfied. Note also that the requirement (4.8) is

trivially satisfied.

Let us recall that in the continuum, the parameter cµν in (2.4) is completely irrelevant

and it can be left arbitrary. However, in the regularized theory, we need to set it to a

specific non-zero value (5.9). This is not so surprising, though, since the regularized theory

is usually more restrictive than the continuum theory.

Next we consider the adjoint matter field obeying twisted boundary conditions in the

U(p) gauge theory. Let us note that it can be mapped to a periodic field in the U(p0)

gauge theory on the dual torus, which is discretized into a n × n lattice. Therefore, it is

natural to represent the adjoint field in the original theory by a np0×np0 matrix from the

counting of degrees of freedom. Then the operators Ẑ ′
µ, Γ̂′

µ, which act on it and obey the

algebra (2.17), (4.10) and (4.11), can be represented in terms of np0 × np0 matrices as

Ẑ ′
µ = Z(n)

µ ⊗ 1p0 , (5.10)

Γ̂′
µ = Γ(n)

µ ⊗ 1p0 , (5.11)

6The integer 2r needs to be an even number for the consistency of the NC algebra of discretized coordi-

nates; see eq. (4.11) of the third paper of ref. [11]. This requires N to be odd since 2r and N are co-prime.

For the same reason, one should choose the integer j to be even, and hence the integer n to be odd. Such

restriction can be understood also from the discretized version of (A.28) by requiring the Θ′-dependent

phase factor should have the periodicity under shifting mµ by units of n.
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where Z
(n)
µ and Γ

(n)
µ are SU(n) matrices satisfying the algebra

Z
(n)
1 Z

(n)
2 = e−2πi j

n Z
(n)
2 Z

(n)
1 , (5.12)

Γ(n)
µ Z(n)

ν Γ(n)†
µ = e

2πi
n

δµν Z(n)
ν , (5.13)

Γ
(n)
1 Γ

(n)
2 = e−2πi m

n Γ
(n)
2 Γ

(n)
1 . (5.14)

The integers j and m are both taken to be co-prime to n, which ensures the uniqueness of

the representation up to the symmetry of the algebra [37]. An explicit representation can

be given, for instance, as

Z
(n)
1 = Wn, Z

(n)
2 = (Vn)j ,

Γ
(n)
1 = Vn, Γ

(n)
2 = (Wn)−m . (5.15)

They satisfy all the equations except the µ = ν = 2 case of (5.13), which requires addition-

ally the Diophantine equation

mj + nk′ = 1 (5.16)

to be satisfied for some integer k′. By comparing (5.12) with (2.17), we identify the NC

parameter of the dual torus as

Θ′ =
j

n
, (5.17)

whereas the size of the dual torus is given by (4.12). By comparing (5.5) and (5.14)

with (4.4) and (4.11), and eliminating the arbitrary parameter cµν , we obtain

− 2πi
(m

n
+

s

N

)

= −iǫ2f12 . (5.18)

In our finite-matrix formulation we still need to identify the two integers p and q, which

characterize the gauge theory on the NC torus with twisted boundary conditions. We can

easily identify q = p0q̃ from (5.18) by using (2.11) and (2.21) as

q̃ = mN + ns . (5.19)

With this identification, one can show that the requirement (4.17) is indeed satisfied by

using the explicit representation (5.15) and the Diophantine equation (5.16).

The identification of p = p0p̃, which represents the rank of the gauge group of the

original theory, is more indirect since the structure of the U(p) gauge group is somewhat

hidden in the finite-matrix formulation. We can, however, read it off from eq. (2.21), which

essentially represents the matching of the degrees of freedom on the original torus and

those on the dual torus. Plugging (4.5) and (4.12) into (2.21), and then using (5.8), (5.19)

and (5.7), we obtain

p̃ =
n

N
+ q̃ Θ (5.20)

= 2rm + kn . (5.21)

The equations (5.19) and (5.21) can be solved for m and n as

m = −sp̃ + kq̃ , n = Np̃− 2rq̃ . (5.22)
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This may be used to construct the algebra (5.12)–(5.14) for the adjoint representation,

given the one for the singlet representation (5.3)–(5.5) with the input of the two integers p

and q, since the integer j can be determined from (5.16).

Finally, let us check explicitly that the NC parameter Θ′ of the dual torus is indeed

given by (2.20). Substituting (5.19) and (5.21) in (2.15), we obtain

m(2ar + bN) + n(ak + bs) = 1 . (5.23)

Comparison with (5.16) yields

j = 2ar + bN mod n . (5.24)

Using (5.17), (5.20) and (5.8), we obtain (2.20). Thus our finite-matrix formulation of a

NC torus with twisted boundary conditions, as is obvious from its construction, realizes

the Morita equivalence at a fully regularized level.

For the singlet and adjoint representations, the regularization discussed above is actu-

ally identical to the one in ref. [11] except that we have now explicitly identified the twisted

boundary conditions in terms of finite matrices. The real advantage of our algebraic con-

struction is that it allows us to describe matter fields in the fundamental representation

obeying twisted boundary conditions. Since the operators Z ′
µ, Γ′

µ act from the left and the

operators Zµ, Γµ from the right, the fundamental matter field is naturally represented by

a np0 ×N matrix, which is rectangular in general.

6 Actions for the gauge field and for fundamental matters

In this section we construct gauge invariant actions for the gauge field and the matter

fields using the finite-matrix formulation described in the previous section. The actions

look formally the same as the familiar ones for periodic boundary conditions [11]. We

discuss them here in detail nevertheless, since the size (and also the shape in the case

of fundamental matter) of the matrices has to be chosen appropriately for the twisted

boundary conditions.

When we consider path integral over the gauge field, we fix the background field Â
(0)
µ

once and for all, and integrate over the fluctuation Âµ. Therefore, when we consider the

gauge transformation (3.1) in this section, we fix the background field Â
(0)
µ instead of

transforming it as (3.2). As a result, D̂
(0)
µ and Âµ are not separately gauge covariant as

in (3.3), but only the full covariant derivative

D̂µ = D̂(0)
µ − iÂµ (6.1)

transforms covariantly as

D̂µ → ĝ D̂µ ĝ† . (6.2)

Therefore, it is natural to define an operator

Vµ ≡ eǫD̂µ , (6.3)
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which transforms covariantly as Vµ → ĝVµĝ†, and to represent it as a np0 × np0 matrix

as we did for Γ̂′
µ = eǫD̂

(0)
µ . The gauge-invariant action for Vµ can be given by the twisted

Eguchi-Kawai model

STEK = −nβ′
∑

µ6=ν

Zνµtr
(

Vµ Vν V †
µ V †

ν

)

+ 2β′n2p0 , (6.4)

where we choose the twist Zνµ to be

Z12 = exp
(

−2πi
m

n

)

(6.5)

in 2d, for instance, in order to ensure that the minimum of the action is given by Vµ = Γ̂′
µ,

which corresponds to Âµ = 0 in the continuum. The constant term in (6.4) is introduced

to make the action vanish at its minimum.

If we interpret the theory (6.4) as a gauge theory on the dual torus using the Morita

equivalence, one can introduce the “link variables”

Uµ = VµΓ̂
′†
µ , (6.6)

and rewrite (6.4) as

STEK = −nβ′
∑

µ6=ν

tr
{

Uµ (Γ̂
′

µUνΓ̂
′†
µ ) (Γ̂

′

νU †
µΓ̂

′†
ν )U †

ν

}

+ 2β′n2p0 , (6.7)

which may be viewed as Wilson’s plaquette action on the discretized dual torus [11]. The

coefficient β′ can be interpreted as the lattice coupling constant, which is related to the

coupling constant g′ in the dual theory (A.29) as [11]

1

4g′2
= β′ǫ4−D . (6.8)

Note that the coupling constant g of the gauge theory on the original torus with twisted

boundary conditions is related to g′ through (A.32). Therefore, if we define the “lattice

coupling constant” β for the original theory by

1

4g2
= βǫ4−D , (6.9)

it can be written as

β =
1

p̃

( n

N

)D
β′ . (6.10)

Next let us consider the action for the matter field in the fundamental representation.

For instance, a simple gauge-invariant action for a Dirac fermion without species doublers

can be given as

Sf = −tr
(

Ψ̄DWΨ
)

, (6.11)

where the Wilson-Dirac operator DW can be defined as

DW =
1

2

D
∑

µ=1

{

γµ

(

∇∗
µ +∇µ

)

− ǫ∇∗
µ∇µ

}

, (6.12)
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using the covariant forward and backward difference operators ∇µ, ∇∗
µ defined by

∇µΨ =
1

ǫ

(

Vµ Ψ Γ̂†
µ −Ψ

)

,

∇∗
µΨ =

1

ǫ

(

Ψ− V †
µ Ψ Γ̂µ

)

. (6.13)

Here Vµ is the U(np0) matrix introduced by (6.3), and Γ̂µ = e ǫ∂̂µ is the shift operator

represented as (5.2). As we mentioned at the end of section 5, the matter field Ψ in

the fundamental representation are represented by a np0 × N rectangular matrix, and it

transforms under the gauge transformation as Ψ→ ĝΨ. On the other hand, the Ψ̄ field is

in the anti-fundamental representation, and represented by a N × np0 rectangular matrix.

It transforms under the gauge transformation as Ψ̄ → Ψ̄ĝ†, and hence the action (6.11) is

gauge invariant. This model may be viewed as a certain generalization of the model [38]

proposed to describe quarks in large-N QCD using the twisted Eguchi-Kawai model.

One can also define an analog of Neuberger’s overlap Dirac operator [39] invented

originally in lattice gauge theory, which takes the form7

D =
1

ǫ
(1− γ5γ̂5) , (6.14)

where γ5 is the ordinary chirality operator and γ̂5 is the modified one defined by

γ̂5 =
H√
H2

, (6.15)

H = γ5 (1− ǫDW) . (6.16)

In the present case, we only have to plug our Wilson-Dirac operator DW defined by (6.12)

into (6.16). The operators γ̂5 and γ5 are used to define the chirality for Ψ and Ψ̄, respec-

tively, and the Ginsparg-Wilson relation [43]

γ5D + Dγ̂5 = 0 (6.17)

obeyed by D guarantees the exact chiral symmetry [44]. Thanks to the index theorem [45],

one can also classify gauge configurations into topological sectors by using the index of D

defined by

ν =
1

2
Tr (γ5 + γ̂5) =

1

2
Tr γ̂5 , (6.18)

where the trace Tr is taken in the configuration space of the matter field.

7 Monte Carlo calculation of the index

In this section we perform Monte Carlo simulations of the model (6.4) for D = 2, which

represents 2d NC gauge theory with twisted boundary conditions, and calculate the proba-

bility distribution of the index ν of the overlap Dirac operator for the fundamental matter

defined by eq. (6.18). See ref. [25] for results in the case of periodic boundary conditions.

7The overlap Dirac operator was introduced on a periodic NC torus in ref. [40], and the correct form of

the axial anomaly has been reproduced in the continuum limit [41]. A prescription to define an analog of

the overlap Dirac operator and its index (6.18) on general NC manifolds including fuzzy sphere has been

proposed in ref. [42].
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Figure 1. The probability distribution of the index ν is plotted for various β′ at n = 15 (left) and

for various n at β′ = 0.55 (right). In the latter plot, the probability is plotted in the log scale to

make the distribution at ν 6= 1 visible.

In order to have a twisted boundary condition, the flux (2.11) and hence the integer

q has to be nonzero. Then the index theorem claims that smooth gauge configurations

obeying the boundary condition should have a nontrivial index ν = −q, where the minus

sign appears due to the conventions that we have adopted. Let us choose q = −1. For

simplicity, we consider U(1) gauge group p = 1, which also implies p0 = 1 and hence

q̃ = −1, p̃ = 1. As for the integers r and k appearing in eq. (5.7), we choose r = −1,

k = −1 (and hence s = N+1
2 ) following essentially the choice in previous works [12, 24, 25].

This implies, in particular, that the dimensionless noncommutativity parameter (5.8) is

given by Θ = −2/N , where N represents the size of the torus (4.5) in units of the lattice

spacing. Note that the size n of the matrices Vµ and the integer m, which labels the

twist (6.5) in the action (6.4), are given by n = N − 2 and m = −(n + 1)/2, respectively,

due to (5.22). For various n and β′, we measure the index (6.18) for each configuration

generated by Monte Carlo simulation, and obtain the probability distribution P (ν), which

is normalized by
∑

ν P (ν) = 1.

In figure 1 we plot the probability distribution P (ν) obtained for various β′ at n = 15

(left) and for various n at β′ = 0.55 (right). Note that the chosen value of β′ in the latter

plot is above the critical point β′
cr ≡ 1/2 of the Gross-Witten phase transition. We find

that the distribution approaches the Kronecker delta δν1 not only for increasing β′ but also

for increasing n. Let us recall that the continuum limit of the present model should be

taken by sending n and β′ to ∞ simultaneously with the ratio β′/n fixed [12]. It is clear

from our results that the distribution P (ν) approaches δν1 very rapidly in that limit. This

demonstrates that topologically nontrivial configurations are indeed realized in NC gauge

theory with the twisted boundary conditions in a way consistent with the index theorem.

8 Summary and discussions

In this paper we have constructed a finite-matrix formulation of gauge theories on a NC

torus in a purely algebraic way. The configuration space has been defined as the represen-

tation space of coordinate and shift operators, which is analogous to projective modules in
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the continuum NC space. In particular, we are able to describe twisted boundary conditions

and hence the Morita equivalence explicitly at a fully regularized level. Matter fields in the

fundamental representation are represented by rectangular matrices analogously to the ma-

trix spherical harmonics on the fuzzy sphere with the monopole background. By using the

index of the overlap Dirac operator for the fundamental matter, we can classify the gauge

field configurations into topological sectors. Monte Carlo results demonstrate that topo-

logically nontrivial configurations survive the continuum limit of the NC gauge theory with

twisted boundary conditions in a way consistent with the index theorem. This also confirms

the validity of our formulation and its usefulness in various nonperturbative studies.

As we mentioned in the Introduction, one of our motivations for studying topological

aspects of NC gauge theories is to understand the realization of a chiral gauge theory in

our four-dimensional world by compactifying string theory with a nontrivial index in the

extra dimensions. In this context, an interesting possibility would be that NC geometry

is actually realized only in the extra dimensions as discussed in refs. [46] using the fuzzy

sphere, where the dynamical generation of a nontrivial index may be possible [33]. Using

our formulation, one can perform similar analyses using a NC torus. Considering the

dramatic effects of NC geometry on topological properties [25], we may hope to obtain

results qualitatively different from what we know for commutative extra dimensions.

Ultimately we hope to realize the whole set up dynamically, for instance, in the IIB

matrix model [47], which is conjectured to be a nonperturbative definition of type IIB

superstring theory in 10 dimensions. The dynamical generation of 4d space-time in this

model is discussed, for instance in ref. [48, 49]. NC geometry appears naturally from the

IIB matrix model for particular backgrounds [5], and this feature is recently focused also

in the context of emergent gravity [50]. It would be interesting if one could describe the

low energy effective theory of the IIB matrix model after dynamical generation of 4d space

time in terms of field theory with NC extra dimensions.
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A Some details of the review in section 2

In this appendix we present some details of the review given in section 2 to make it self-

contained. We also refer the readers to ref. [36] for the topics that are not covered here.

A.1 NC gauge theory with twisted boundary conditions

In section 2 we described field theories on a NC geometry in terms of operators. In that

language a field configuration f(x) corresponds to the operator f̂ through

f̂ =

∫

dDx ∆̂(x)f(x) , (A.1)
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∆̂(x) =

∫

dDk

(2π)D
e ikµx̂µ e−ikµxµ

, (A.2)

where the coordinate operators x̂µ and the derivative operators ∂̂µ satisfy the algebra (2.1).

The product of two fields f(x) and g(x) are defined by the operator product of the cor-

responding operators f̂ and ĝ, and it can be given explicitly by the so-called Moyal star-

product

f(x) ⋆ g(x) = f(x) exp

(

i

2

←−
∂µ θµν

−→
∂ν

)

g(x) , (A.3)

where θµν is the NC parameter appearing in (2.1).

Let us consider a U(p) gauge theory on a NC torus, whose action is given by

SYM =
1

4g2

∫

T
D

dDx tr p

(

Fµν(x)− fµν

)2

⋆
, (A.4)

Fµν(x) = ∂µAν(x)− ∂νAµ(x)− i
(

Aµ(x) ⋆ Aν(x)−Aν(x) ⋆ Aµ(x)
)

. (A.5)

The constant background flux fµν will be specified later. We require the gauge field Aµ(x)

to obey the twisted boundary conditions

Aµ(x + Lν̂) = Ων(x) ⋆ Aµ(x) ⋆ Ων(x)† + iΩν(x) ⋆ ∂µ Ων(x)† , (A.6)

where Ων(x) are the transition functions, which are p×p star-unitary matrices. The symbol

ν̂ represents a unit vector in the ν direction. Consistency of the conditions (A.6) requires

the transition functions Ωµ(x) to satisfy the co-cycle conditions

Ωµ(x + Lν̂) ⋆ Ων(x) = Ων(x + Lµ̂) ⋆ Ωµ(x) . (A.7)

It is convenient to introduce a background abelian gauge field A
(0)
µ (x), which obeys the

twisted boundary conditions (A.6), and to decompose the gauge field configuration Aµ(x)

into the background and the fluctuation as

Aµ(x) = A(0)
µ (x) +Aµ(x) . (A.8)

Then the boundary conditions for the fluctuation Aµ(x) take the homogeneous form as

Aµ(x + Lν̂) = Ων(x) ⋆Aµ(x) ⋆ Ων(x)† . (A.9)

In order for A
(0)
µ (x) to give the minimum of the classical action (A.4), we choose the flux

fµν in (A.4) to be

fµν = ∂µA(0)
ν (x)− ∂νA

(0)
µ (x)− i

(

A(0)
µ (x) ⋆ A(0)

ν (x)−A(0)
ν (x) ⋆ A(0)

µ (x)
)

. (A.10)

Then the action (A.4) can be rewritten as

SYM =
1

4g2

∫

TD

dDx tr p

(

Fµν(x)
)2

⋆
, (A.11)

Fµν(x) = D(0)
µ Aν(x)−D(0)

ν Aµ(x)− i
(

Aµ(x) ⋆Aν(x)−Aν(x) ⋆Aµ(x)
)

, (A.12)
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where we have defined the covariant derivative D
(0)
µ with the background field as

D(0)
µ = ∂µ − i [A(0)

µ (x) , ]⋆ . (A.13)

Using the map (A.1), we can define operators Âµ, Â
(0)
µ , Âµ and Ω̂µ, which correspond

to the fields Aµ(x), A
(0)
µ (x), Aµ(x) and Ωµ(x), respectively. The action (A.11) can be

written as

SYM =
1

4g2
Tr ⊗ tr p

([

D̂(0)
µ , Âν

]

−
[

D̂(0)
ν , Âµ

]

− i
[

Âµ , Âν

])2
, (A.14)

where D̂
(0)
µ is given by (2.5). The twisted boundary conditions (A.9) for Aµ(x) can be

written as (2.8). The background flux (A.10) is written as (2.6).

A.2 Explicit forms of the background gauge field and the transition functions

Let us consider the 2d case, and take the background gauge field as

Â
(0)
1 = 0 , Â

(0)
2 = x̂1F ⊗ 1p . (A.15)

Then the covariant derivative operators are given as

D̂
(0)
1 = ∂̂1 ⊗ 1p , D̂

(0)
2 = (∂̂2 − ix̂1F )⊗ 1p , (A.16)

and the background abelian flux is obtained as f12 = F by using (2.6).

We also assume that the transition function takes the form (2.9), where αµν should

be determined by requiring the background field (A.15) to obey the twisted boundary

conditions

e L∂̂ν Â(0)
µ e−L∂̂ν = Ω̂ν Â(0)

µ Ω̂†
ν + i Ω̂ν [∂̂µ, Ω̂†

ν ] . (A.17)

Then the transition functions become

Ω̂1 = e i LF
1+θF

x̂2 ⊗ Γ
(p)
1 , Ω̂2 = 1⊗ Γ

(p)
2 , (A.18)

where θµν = θεµν . Imposing the co-cycle conditions (A.7) on them, one can easily ob-

tain (2.12). The covariantized transition functions Ξ̂ defined by (3.5) can be expressed as

Ξ̂1 = ei 1
1+θF

x̂2FL ⊗ Γ
(p)
1 ,

Ξ̂2 = e−ix̂1FL ⊗ Γ
(p)
2 . (A.19)

An explicit representation for Γ
(p)
µ , which satisfy the ’t Hooft-Weyl algebra (2.10), can

be given as8

Γ
(p)
1 = Vp̃ ⊗ 1p0 ,

Γ
(p)
2 = (Wp̃)

−q̃ ⊗ 1p0 , (A.20)

8The representation of the ’t Hooft-Weyl algebra in any even dimension can be obtained similarly [37].
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where Vp̃ and Wp̃ are the SU(p̃) shift and clock matrices

Vp̃ =



















0 1 0

0 1
. . .

. . .

. . . 1

1 0



















, Wp̃ =

















1

e 2πi/p̃

e 4πi/p̃

. . .

e 2πi(p̃−1)/p̃

















(A.21)

obeying the commutation relations

Vp̃Wp̃ = e 2πi/p̃ Wp̃Vp̃ . (A.22)

A.3 Morita equivalence

We are now ready to solve the twisted boundary conditions (2.8). For any pair of co-prime

integers p̃, q̃, the set {(Vp̃)
j (Wp̃)

q̃j′ | j, j′ ∈ Zp̃} spans the p̃2 dimensional complex linear

vector space. We therefore expand Âµ as

Âµ =

∫

d2k e ikν x̂ν ⊗
∑

~j mod p̃

2
∏

λ=1

(Γ
(p̃)
λ )jλ ⊗ ãµ(~k,~j ) , (A.23)

where ãµ(~k,~j ) is a p0×p0 matrix-valued function which has a periodicity p̃ in~j. By applying

the conditions (2.8) to (A.23), and using (A.18), we find that the functions ãµ(~k,~j ) should

vanish unless
1

2π

1

p̃

(

β−1
)

µν
kν +

q̃

p̃
εµνjν = nµ (A.24)

for some nµ ∈ Z, where βµν are defined as

β11 =
1 + θF

Lp̃
, β22 =

1

Lp̃
, (A.25)

and βµν = 0 for µ 6= ν. Using the integers a, b introduced in (2.15), we can solve9 (A.24)

by setting nµ = amµ and jµ = b εµν mν for some mµ ∈ Z. Thus we obtain the momenta

as kµ = 2πβµν mν and replace the integration in (A.23) by a sum over all ~m ∈ Z
2.

Therefore, the general solution to the conditions (2.8) takes the form (2.13), where

aµ(~m) = ãµ(2πβµνmν , bεµνmν) are p0×p0 matrix-valued Fourier coefficients. The operators

Ẑ ′
µ are defined by (2.16), and more explicitly, they are given as

Ẑ ′
1 = e2πi 1+θF

Lp̃
x̂1 ⊗ (Γ

(p)
2 )−b ,

Ẑ ′
2 = e2πi 1

Lp̃
x̂2 ⊗ (Γ

(p)
1 )b . (A.26)

They are shown to satisfy the algebra (2.17) and (2.18), and thus they are interpreted as the

coordinate operators of the dual torus. While the derivation has been given in the specific

9Note that since p̃ and q̃ are co-prime, this solution for (nµ, jµ) is unique for any mµ up to a shift

(q̃lµ,−p̃εµν lν) with arbitrary integer vector lµ. This shows that (2.13) is the unique solution for (2.8).
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gauge (A.15), the results (2.17) and (2.18) are gauge covariant, and the relations (2.20)

and (2.21) are gauge invariant.10

One can map the operators to periodic fields on the dual torus by

A′
µ(x′) = Tr ′

(

∆̂′(x′)Âµ

)

(A.27)

∆̂′(x′) =
1

L′2

∑

~m∈Z2

2
∏

ν=1

(

Ẑ ′
ν

)mν ∏

λ<ρ

e−πi mλ Θ′

λρ
mρ e−2πi 1

L′
mµx′

µ , (A.28)

since Âµ can be expanded in terms of Ẑ ′
µ as in (2.13).

In terms of the fields (A.27), the action (A.14) can be written in arbitrary dimension

D as

SYM =
1

4g′2

∫

dDx′ tr p0

(

F ′
µν(x′)

)2

⋆′
, (A.29)

F ′
µν(x′) = ∂′

µA′
ν(x

′)− ∂′
νA′

µ(x′)− i
(

A′
µ(x′) ⋆′ A′

ν(x
′)−A′

ν(x
′) ⋆′ A′

µ(x′)
)

, (A.30)

where ⋆′ denotes the new star-product with the NC parameter θ′µν = L′2

2π Θ′
µν instead of

θµν , and ∂′
µ is the ordinary derivative operator on the dual NC torus. Since the operator

trace Tr ′ is related to the original trace Tr by

Tr ′ ⊗ tr p0
=

p0

p

∣

∣

∣

∣

L′

L

∣

∣

∣

∣

D

Tr ⊗ tr p , (A.31)

the dual gauge coupling constant in (A.29) is related to the original one in (A.11) as

g′2 = g2 p0

p

∣

∣

∣

∣

L′

L

∣

∣

∣

∣

D

. (A.32)
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